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Let 2 be an open bounded subset of RY, the d-dimensional space, and let f be an
unknown function belonging to H™(£2), where m is an integer (m > d/2). Given the

values of f at n scattered data point in £ known with error, ie., given

z,=f(t,)+ &,

i=1, .., n, where the ¢;’s are i.i.d. random errors, we study the error E[|f—0;17 o],
where ||, are the Sobolev semi-norms in H”(Q) and ¢, is the thin plate
smoothing spline with parameter 1, ic, the unique minimizer of Alu|2 +

(1/n) 31 (u(t;)—z,)%. Under the assumption that the boundary of

i=1

2 is smooth

and the points satisfy a “quasi-uniform” condition, we obtain E{|f—0;|},]1<
CAt™- KYm ]/|,2" ot D/(nA3k  2my ] k=0 1,..,m—1. 1988 Academic Press. Inc.

1. INTRODUCTION

Let H™(£2), m> 1, be the Sobolev space

Hm(g)={ue9'(g)1j Y D)< +oo},

@2 Ja| £ m

where 2'(Q) is the space of Schwartz distributions and

ol

D“uzﬁu
a.’(l "‘ade

is the usual multi-index notation for partial derivatives.
For m>d/2, let f be an element of H™(£2) and let z,, z,,

z;=f(t;) +¢e, i=1,..n

. 2, satisfy

(1.3)
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2 FLORENCIO I. UTRERAS

where T={t,,..,1,} is a finite set of scattered data points in Q and ¢,
i=1,..,n are 1i.d. random variables with zero mean and variance >

In order to approximate f it has been proposed to use the D™-smoothing
splines (cf. [8, 15, 18, 19]) defined as the unique solution of the variational
problem

Minimize J;(u), (1.4)

we D-MLYRY)

where
d 8'"u(x) 2 1 n
(u)= —_— ~ )—z.)% (1.
r=i| 2] [t e § e )
and
D "L} (RY) = {ue @'(RY)|Due LARY), |a| =m). (1.6)

It has been proved by Duchon (cf. [9]) that (1.4) has a unique solution
provided T contains a #,_,-unisolvent set, where &£, , is the set of
polynomials defined on R“ of total degree less than or equal to m—1.
Moreover, Duchon [9] proved that the solution ¢ ; is given by

n

0, (1)= 3 c;K,(t—1;)+p(1), (1.7)

i=1

where K,, is the fundamental solution of the m-times iterated Laplacian
and peZ, |, ie.,

A"K,, = . (1.8)

Moreover, following Duchon [9] and Schwartz [14] we have for K,

c, |t d odd

19
C, > “log |1, deven (19)

K,.(1) ={
and

(_1)d/2+l+m

() m— ) (m—dJ2)
I(dj2 —m)
22m(df2)(m — 1)}

deven

C,=

d odd



CONVERGENCE RATES FOR SPLINE FUNCTIONS 3

The coefficients ¢, ..., ¢, and the polynomial of degree m—1 can be
found solving the following system of equations:

z,  i=1,.n (1.10)

n).C,-+ Z C»/'Kln(ti_ t/) +p(’:)
j=1

cq(t;)=0, any gem— 1. (L.11)

For details and computational procedures see [11, 12, 19].

A>0 is the smoothing parameter. For computational procedures to
choose 4 from the data see [7, 15, 19].

In this paper we aim to obtain error bounds of the type developed in
[13] for the case d=1. The results obtained will be of the same type as
those obtained by Cox [6] for the D™-smoothing splines based on a boun-
ded domain (cf. [3, 6, 15]).

More precisely, we will show the following result.

THEOREM 1.1.  Let Q2 be an open bounded domain satisfying the uniform

cone conditions and having a Lipschitz boundary. Define h,,,, and h,,;, as
Npax =sup inf |t —1¢,] (1.12)
tel2i=1..n
Mpin = min |1, —1,| (1.13)
i#j
and assume that there exists a constant B> 0 such that
hmax
<B. (1.14)

h

min
Then there exists +,>0 and constants P, and Q, such that

Qov2

E[If~a; 200 S PA™ =7 f12 o + — G a (1.15)

for A< iy and niM 2 1,

To prove this theorem we will first recall some basic properties of
smoothing splines and give an expression for E[|f—o,[7 o] which will be
used to bound the error. In the third section we show relationships between
standard and discrete Sobolev norms. These results will be used in Sec-
tion 4 to obtain the error estimates for exact data. In Section 5 we consider
the study of the eigenvalues related to the spline problem and show how
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they behave asymptotically. The result generalizes a previous result of the
author in one dimension and proves the conjecture by Wahba. In Section 6
we apply those results to bound the error in the presence of noise and
prove the main theorem.

2. Basic PROPERTIES

In this section we collect several basic properties of D™-smoothing
splines that have been pointed out by several authors (cf. [8,9, 6, 15]) and
obtain the basic convergence rates.

Let us first introduce some notation. For ye R” we call S, ;(y) the
smoothing spline of parameter A applied to the data y, .., y,, i.e., the uni-
que solution to

1 n
Minimize {ftlulfn—l—— Y (u(t,-)—y,«)z}, (2.1)
we D~MLYRY) n_y
where
d amu(x) 2
2= — dx. 2.2
|u|m fl,iz,;,i,,,:l JRd axilaxiz"'ax[m X ( )
Also for ge H™(Q), m > d/2 we define S, ;(g) as
S,..(g)=S5,:(8) (2.3)
where
g:(g([l), (3 g(tn))TERn' (24)

For ue D~ "L*(R?) we can define the bounded linear operator
T: D~"LYRY) - [LX(RY}]*"
as

m d
T(u)z(——ai ) . (2.5)

6xi,6xiz e 0X; i) 52y i = 1

im

Finally, in the space [L%(R¥)]" x R" define the norm

d

1 n
Ieyllir=2 Y [ @ ,d+-Y i (26)

d
0,02, nim=1"R i=1

With these notations S, ;(y) is the unique solution to the problem

Minimize || [Tu, u]—[0,y]lI% (2.7)

ue DMLYRY)
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> be the inner product in [L*(R)]¢" x R” associated with

Let €-,-3
Il-I%. Using now (2.7) we easily obtain the following:

LemMA 2.1.  For any de D~"L*(RY), S, .(y) satisfies
Mg =S50, + Z (g(t) = S, ()t + 41S, ()3,

l—l
1 i 1 n
F= X = S W)Y =Alell +- X () =) (28)
i=1
Proof. From (2.7) we observe that [7(S, ,(y)) S, ,(y)] is the projec-
tion of [0, y] onto
= {[Tu, u] forue D "L} (R%)}, (2.9)

hence from the orthogonality of the projection we get
“‘ [T(g) g] - [T( n, /( ))7 Sn,/(y)] “|2 + |H [T(Sn/(y))a
=l [T(g), g1 [0, y1II%

Sn.}.()’)] - [07 y] 'Hz

which is the same as (2.8). |
is a linear operator; then

Sn./i(z) = Sn,).(f) + Srz,).(g)

where €= (¢, .., ¢,)" is the vector containing the noise. This identity was
also used by Ragozin [13] in the case of one-dimensional splines. Thus

It is clear that S, ;
(2.10)

E[IS, (@) =f1i o] =1f =S :(Ni o+ ELS, ()il (2.11)
since E(g)=0. Here ||} , denotes the semi-norm
d aku(x) 2
2 — 1 | dx 2.1
|ulf o Z:. olm - on dx (2.12)

Also we have

[ ’Z 15,z f(t,«)lz]

i[s,,,<f (1) —F ()T [ S 1S,,(e)(1)] ] (2.13)

i=1

=|~ -

In (2.11), (2.13) the first term corresponds to the error due to
regularization of the exact function f while the second term is due only to
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the noise. To get an upper bound of the error due to the noise we will have
to study the behavior of the eigenvalues of a matrix associated to the spline
problem. This is done in Section 5. In this section we obtain the error
bounds for the first term using the properties of S, ,(f).

By substituting into (2.8) g =/, the unique minimum semi-norm exten-
sion of f (see (3.2) below, we get

1 n
Af2 =8N + 'Z (f(1) =S, () <Alf2)2,
thus

Lf2 =S, (NI <12, (2.14)

and

) =S, (0 <AL

|-

]2
—

i=1

This concludes the proof of the following:

LEMMA 2.2, We have the following error bounds:

@) 1= SN <I 20
(i) (Un) Xi_, (f%(1) = S, (N)))2 < A2
To use these results to obtain bounds for the terms |f— S, (/)7 o We

need to relate | g|2 . |8l and (1/n) X7_, [£(¢,)]° and then use the inter-
polation theory of Sobolev spaces (cf. [1, 2]). We develop this relationship
in the next section. In one dimension these results were first obtained by
Ragozin [13]. In the case of multivariate splines Cox [6] and Wahba
[18] have already given proofs of Lemma 2.2.

3. DISCRETE AND STANDARD SOBOLEV SEMI-NORMS
We begin this section recalling a result from Duchon [10].

LEMMA 3.1. Let Q be an open set of RY satisfying a uniform cone con-
dition, i.e., there exist r >0 and 0 >0 such that for any t€ Q2 there exists a
unit vector £(t)e R? such that the cone

C(t, E(1), 0, r)={t+ Ap;ne R nl=1,n-,(1) =cos 0, 0<i<r}

is entirely contained in Q.
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Then there exist constants M, and M, (depending on d and 6) and ¢
(depending on 8 and r) such that for any positive ¢ < &, there exists T, < £
satisfving

(1) B(t,e)cQ foranyteT,,

(i) Q< | B, M), (3.1)

1eT,

(i) X Tagwn<Mo,

1eT,

where B(t, R) is the closed ball of radius r centered t and 1, is the function
being equal to 1 for x in E and 0 for x ¢ E.

Remark. Condition (iii) means that any point in Q belongs to at most
M, balls B(t, M¢), teT,.

Proof. See [10].
For ge H™(Q) we can define a unique extension g to D "L*(RY) by
solving the variational problem (cf. [10])

Minimize |ul?,. (3.2)
we D MLYARY)
ulg=g

We have the following result connecting g and g*.

LEMMA 3.2. Let r>0 be such that B(0, R) > Q. Then there exists a con-
stant C (depending on R, m, d and ) such that for any ge H"(82)

[g!2|(2).B(().R)+ |gQi,2n_B(o.R;< Cllglsotlglh.a) (3.3)

Proof. In the space D ™L*(R“) consider the norms

luell§ = uld o + lul5,

HuH% = Ju|(2).B(().R)+ ’“|»2n~

Given that D~ ""L*(R“)/#, | is a Hilbert space, D ""L*(R“) together with
-, is a Hilbert space for i=1,2. Moreover the injection j: (D~ "L*(RY),
-2y = (D ™L*R¥), |I-1,) is continuous since

171 = lul§ o + lul;, < Jul3-

m

Using the open mapping theorem we obtain that j ' is continuous, so
there exists C; depending on R, 2, 4 and m such that

lull3=17 "3 < Cyllul. (3.4)
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Thus for u=g* we have

Q Q Q Q
lg |(2)‘B(0,R)+|g |3n,3(0,R)<|g |S,B(0,R)+|g |,2,,

< C1(|gQ|é,g + |gQ|r2n,Q)'

Now we apply Lemma 3.1 in [10] to obtain that there exists K (depending
on m, d and Q) such that

18°15 < Klgl}, o (3.5)

We combine now (3.5) and (34) and get (33) for
C=Max(C,, C,K). 1

We are now ready to show the first inequality connecting discrete and
standard Sobolev norms. For the related result in the case d=1 see
Ragozin [13].

THEOREM 3.3. Let hy,, and h,;, be defined as in (1.12) and (1.13) and
let Q be an open bounded set with Lipschitz boundary and satisfying a
uniform cone condition. Then there exists a constant By, >0 (depending only
on m, d, Q, B) and hy >0 such that for any ge H™(Q) h = h,,,, < hy we have

S )=

S ((1)) < Bo(I 8120+ h" gl o) (36)
i=1

Proof. According to Lemma 3.1 there exists constants M, M, and
&, > 0 such that for ¢ < g, there exists T, = Q satisfying (3.1). Let i, = M g,
then for A=h,,, <h, we can take e=h/M <¢, and obtain T, <= £ such
that

(i) B(t,h/M,)=Q for any te T,
(11) QCUIET},B(ta M18)=UteTh B(t’ h),
(1“) Zze Ty IB(I.h)gMZ‘

Now, given (ii) for each i there exist t € T, such that t,e B(t, h). Consider
now the classical technique of scaling and translation to the origin. Using
the transformation x — (1/4)(x — ¢) the ball B(¢, k) is transformed into the
ball B(0,1) and the point ¢, into a point &,=(1/h)(z;,—1). Consider
g%e D" L*(RY) as defined by (3.2). It is clear that

g°(&)=g"(t+he)

also belongs to D "L*(R“), hence £%|p,., € H™(B(0,2)). But for any
ve H™(B(0, 2)) we have Ve B(0, 1)

|U(f)|2 Si S;—:Op” |v(l)|2<Const[|v|§‘3(0,2)+ |U|3n,1;(0,2)]
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since m > d/2. Then

(2N =[g%(t)1* =[2(1)1* < Const[|€°13 o2y + 18712 500 )
But
|g9|5,3(0,2) = hid| gg|g,3(,_2h)

and

~Q12 _p2m—d) 22
|g |m,B(O,2)—h |g m, B(1,2h)?

thus
[g(z,)]* < Const hid[|g9|(2>,3(z.zh) + hzm‘gg‘lzn,B(I.Zh)]'

In this way for each ¢; we have selected one ¢ such that 7,€ B(t, h). Let us
now add all the inequalities that we obtain in this way:

n

Z [g(r)]1* < Consth ¢ Z {|g9|§?(r,2h) +h2"’|g9|i1.3(,‘2h}}.
i=1 1)
i=1,..n

But it is clear that a particular ¢ cannot be repeated in the sum more
than (2., /i )¢ times since that is an upper bound on the number of #,’s
that B(t, 2h) can contain, so

u hmax 4
Z [g(t,')]2<COnSth_d|:2h—':| Z {|gQ|(2),B(1,2h)+h2m|g0|/2n.3(1.2/1)}

i=1 min te Ty

< hmax 4 2
3 (gtn) < Const 2] 722 [ 01,1703 0, + 718715 )
i=1 min
where 2, = {xe R |x —t| <2h, any 1eQ}.

Let R>0 be such that B(0, R)> Q. Then for h<hy, 2, < B(0, R) and
we can apply Lemma 3.2 to obtain

- hmax 4 » 2
h Z [g(fi)]2>C0n5t 24 [h—:l M2{|gQ|§,B(o,R)+h2 1’&’9’;1.3(0./%)}

i=1 min
d hmax 4 2 2m 2
< Const 2 o M,{1gl5o+h"glh o) (3.7)
Finally observe that

Vol(£2) 1
4> =, 3.8
h 2V, n (38)

where ¥, is the volume of the unit sphere in R,
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Equations (3.7) and (3.8) give (3.6) for

Const V44 Hoax 19
B — max .
7 Vol(Q) M€ [h ]

min

This concludes the proof. ||

Let U={by,by, .., by}, M=(1"")Y=dim(#,_,) be an arbitrary
2, _ ,-unisolvent set in Q. Let n(U) be the Lagrange interpolation operator
on &, ,, ie., for any ve H"(Q), n(U)v is the unique element in 2, ,
satisfying

(n(U) v)(b;) =v(b;), i=1,2,.., M. (3.9)

These polynomials have been extensively studied in the literature; see, for
example, [4] and the references therein. Let us now prove the last result of
this section.

THEOREM 3.4. Under the same hypothesis of Theorem 3.3 there exists a

constant Cy> 0 (depending only on m, d, Q and B) and hy> 0 such that for
any ge H™(Q) and h=h,,,, < hy, we have

1 i
8150 < Co <; 2 [g(t,-)]2+h2m|glfn,g>~ (3.10)

Proof. Consider the 2, _,-unisolvent set defined by

A i i i . . .
U= L s 2 - _leR% iy, Iy, ..., Iy NON-NEgative integers
m—1 m—1 m—1

and i, +i,+ --- +id<m—l}

(cf. [4]) and let [, i=1,.., M, be the Lagrange polynomials associated
with U, ie.,

o 1, i=j,bel
(h)= . 311
W=y G.11)
Let L be defined as
[ — Max j \F(x)|? dx, (3.12)
1<is<MVYB0,2M)

where M, is defined in Lemma 3.1. Now given that the set of 2, -
unisolvent sets is open in R*“ (its complement is the set of solutions of an
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algebraic equation) there exists 0 <d<1 such that if we choose b,,
i=1, .., M, satisfying

b, —b,1 <0 (3.13)

the set #={b,, .., by, } is Z,_ -unisolvent. Also the Lagrange polynomials
%, i=1, .., M, associated with # depend continuously on {b,, .., b, }, 50 0
may be chosen so that

= Max | 12 (x)| dx < 2L (3.14)

F<i<MYBo.2M))

holds Vb satisfying (3.13).
Let us now apply Lemma 3.1 for ¢=24/6 and h<h,=2d¢,. For any
re T, consider the transformation

h
5"’4”55,

which transforms B(0, 2) into B(r, ¢) < Q. Also the balls B(b,, 3) are trans-
formed into B(t+(h/5)5,-,h). Thus for i=1, .., M there exists a point
. €T, such that 1, € B(t + (h/9) l;-, h). Moreover, given the definition of
3, the points {t,,,}™ | form a #, _ , -unisolvent set. Let us denote by U* the
set {t,;,}, and by U= {b,=(d/h), (t,;,—1), i=1,., M} <B(0,2). We
then have

n h o ,
| |n<U‘?)g(x)|2dx=(5> | muyaende
B(t, M) B(0,2M))

for §(¢)=g(1 + (h/8) &). Then
1”(5) &(b;)

[ mus) g0 dv—( )
B(1, M) B(0.2M)) ,*1

( ) M Z L& Hmomf/?(énzdé

2

dé

g(b

//\
M S

2ML‘

<h! <7

(g([r(i)))z'

1

Mz u

i

On the other hand we can apply the Lemma of Section 2 in [10] to con-
clude that there exists a constant D, depending only on £, m, d and J such
that

(g2 —n(U%) Q|01;(1 M) = =|g“ n(UQ)g|F7)_Bu.M,,~,;

<D h?_mlglll

m B(r.Me)"
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Thus
lggl(z),B(LMw)<2[|n(U.Q)g|%,B(1.M15)+D0h2m|gglfn,B(r,Mla)]-
Now we use the fact that |}, . B(t, M,¢) > 2 and conclude that
M
802 T (57 E)H L (6000 + 200 5 187

and using now (3.1)(i1i) we obtain

2ML "
18913, <200, (2557 ) 1 X (810 + 208, Doh™"| g%,

i=1

We then apply Lemma 3.1 in [10] to conclude that

2ML>

18718.0 <20 (255 ) 1 3 (@007 + (200, KDG) B gl

i=1
Finally we use the fact that

d
h"sl Vol(£2) <h_ma_§
n V, \h

min

and obtain (3.10) with

4M,MLVol(Q) (. \¢
Co= Max | M2 ME Voll@) "“”‘),2M2KD0 . (3.15)
5 v, \n

This concludes the proof. |}

min

In the next section we use these results to obtain an error bound for
=S8N J=0,.com
4. ERROR BounDS FOR ExacT DaTA

We can now use Theorem 3.4 for g=7“—S, ,(f), Lemma 2.2 and (3.5)
to obtain

=S [ S (/1) (f)(t,-))z+h2'"|f—Sn,,:(f)Ifn,g]

i=1

<Co [AKI 15,0+ HKIf1},0]

S/ﬂ» C()Kl: h Zm:I if'm 2 (41)
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Also
|/* Sn/ f m Q= |fQ )1/(f)|r2n<K|f|r2nQ (42)

To get bounds for the intermediate derivatives we only need to apply the
interpolation inequality (see, for example, [ 1, Theorem 4.14]), which gives

S =S, (N SPO T f= S, (oo + 01 = S0

for each 6. <46,.
Let us take = A" /2" Then for A" VL@, j=1,..,m—1, or
equivalently A< 602" (8,<1), we have

}f Sn/ f 1!2\ (} /m[f Sn/(f)[09+/(m l)mlf S'l/ f) mQ)

<P( ’”’ACOK[I :|rf|m9+)"” ”"’K}flmg>

h2m

C
<PK|1 T
PK{ +Cot o

o (43)

From here it is easy to get the following result.

THEOREM 4.1. Let fe H™(Q2), where Q is an open bounded set with
Lipschitz boundary and satisfying a uniform cone condition. Let h=h,,, and
hmin be defined as in (1.12), (1.13) and assume that there exists a constant
B> 0 such that

mang' (44)

min
Then there exist Ay>0 and Py>0 such that for any 0<Ai<i, and
nAY? > 1 we have

= Susl < PA" " flh 0 0Sj<m. (4.5)

Proof. Given the definition of 4, and M, (cf. Theorem 3.3) It is clear
that

(l) ( i min/M )CQ
(i) B(t;, honin /M) B(1, henin /M) = .

Thus A
Vol(2)> ¥ Vol B, —2in
o) 5 vol (8 (. 75

i=1

mm
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or
< h "< 1 Vol(Q) hmax}"
M] = n Vd' hmin
. .1 (Vol(R2)7]>™4 -
/’12 <M2 2m/d|:—_V;—] Bz .
Hence
hm Vol(2) 1?4 1
___g M B 2m
A (M, 5) [ v, :| n*mid]
and using the hypothesis we get
h2m V I.Q 2m/d
___s(BMI)Zm[ 0( )]
A V,

We finally put

2m,
P0=Max{1,P[1+CO+CO(BM1)2’"[EII/(2] M]} (4.6)
d

and use (4.3) to get the desired result.

5. Noisy DATA AND EIGENVALUES ASSOCIATED TO
THE THIN PLATE SPLINES

In Section 2 we developed the basic formulas to bound the error f—o;.
The bounds obtained contain two terms, one the error due to the
smoothing of exact data as studied in the preceding section and the other
that due strictly to the noise. More precisely (2.11) gives

E[lf=0,lial =1/~ S :{Nia+EMS, (e)li o]

and (2.13)
1 n
E[Z Z Io'/i(ti) —f(t,)|2:|
1 n
2 3 U0 - ST+ PE £ |

The first term of these two expressions can be bounded using the results
of the last two sections. To bound the last term we first write it in a stan-
dard form (cf. [6, 15, 187]).
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First define the energy matrix I as the one representing the quadratic
form

y' I'y= Minimum ju}2. (5.1

A m
we D MLARY)
ut)y=yvii=1,..n

The solution # to (5.1) is the thin plate spline interpolating the data
Vs ¥, at the knots of 7. Using this matrix we can now write (cf.
[15,19]) (1.5) as follows:

Min {/|u]m+ Z(u —w,)z}

we D-MLYRA) io1

—Mm{/xrl“erlZ \’——lt)} (5.2)

"
xe R i=1

Thus the solution £ = (S, ,(W)(7,), ... S,.(wW)(z,))" is given by
f=U+nil " "w=A()w (5.3)

And we can write for w=

( n/s) __Z

1 1:1

1
=—g7 A%(4) e,
n

H M~

1
n,

which together with the properties of ¢, i=1, ..., 1, gives

1 1
[ Z (S,..:(e))(1; )]=;L‘2Tr(A3(},)). (5.4)

i=1

On the other hand
]Sn/( |;2n_'Y rY
=g" AL TA(L) &

:LST[A(;V)(A A=D1 A(A)] e
n.

2_17 eT[A(4)— A% (4)] &
HA

640/52/1-2
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Also,

1
ETIS,(8)in]=— v’ [Tr(A(4)) — Tr(4%(h))]

<i v? Tr(A(4)). (5.5)
ni

We can see that in the study of error bounds for the right-hand sides of
(5.4) and (5.5) the behavior of Tr(A4(4)) and Tr(4%(4)) is of fundamental
importance. We will analyze these quantities using the eigenvalues of A(4)
or, more precisely those of nl". Let 0y, < pp, < -+ < pu,,, be the eigen-

values of nl" in ascending order. Clearly they are all non-negative real num-
bers since /" is non-negative definite, and obviously

=1

5.
A’#l'l ( 6)

1

(5.7)

M

We now proceed to study the eigenvalues of n/” using a similar technique
to that developed in [17] for the one-dimensional case.

THEOREM 5.1. Let Q be an open bounded domain with Lipschitz boun-
dary and satisfying a uniform cone condition and let {t,, ..., t,} satisfy (1.14).
Then there exist constants o, § >0 (depending on Q, h_,./Anin and m) such
that

op; < w1y, < Puy, i=1,2,..,n (5.8)

where p, < p, < -+ < u,, are the first n eigenvalues of the variational eigen-
value problem

(o @)u=n| ¥6  foranygeD LR (59)
and

d amw am¢
(lﬁ, ¢)m_j " Z 6xilaxi2...6x’_m.axl_laxi2...6x1

R m

dx  (5.10)

oy nim=1
is the semi-inner product associated with |-|2,.
Proof. (a) Fori=1,.., M, u,=p;=0 and (5.8) holds.

It is clear that (5.9) holds for any Yy €2, |, u=0 and ¢ D "L} RY),
thus uy=p, -ty =0 since M=(4"7!} dimension of 2, ,. But
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Lar s 1 #0 since (i, ¢),,=0 any ¢e D~ "L*(R?) implies that |2, =0 and
lp 62}1 — 1"
On the other hand let y,=y(1,), i=1, .., n, for Yy €2, _,; then clearly

y'Ty=0

since the thin plate spline is the unique function in D~ "L*(R“) taking the
values at y; at ¢, minimizing |-|2, and |y|% =0.

Since I' is symmetric this implies that g, =y, = - fip, =0.

On the other hand if u,,, ,, =0, the M+ | eigenvector is formed by the
values of a polynomial of degree m — 1, which contradicts the fact that the

algebraic and geometric multiplicities must coincide. Thus u,, ., , > 0.

(b) Let x be an eigenvector of nl” corresponding to a non-zero eigen-
value. We have

nlx = pux
1
IX=pu—-x
n
or
!
yIx=pu-y'x any ye R". (5.11)
n

Now, let g e D~ "L*(R“) be such that
B(t,)=x,, i=1,2,..,n,

and let s be the thin plate spline interpolating y,, .., ¥, at f,, .., f,. Then
clearly

y'Ix={(s,¢), (5.12)

and (5.11) becomes
! 5
(5. #)n=n=Y s(t)¢(z) anygpeD "LXRY).  (513)

Thus any eigenvalue of n/" is also an eigenvalue of (5.13) and vice versa.
Moreover, consider the eigenvalue problem:

Find i € D ~"L?*(R¥) such that

1 n
W 9)p=n~ Y W) ;) anyde D "LYRY). (5.14)

i=1
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This problem, which is a “discretized” version of (5.9) has only » finite
eigenvalues. The reason for this becomes clear when we consider the
Raleigh quotient formulation of (5.14) (cf. [5, 207]). But let us first observe
that any eigenvalue u of (5.14) is an eigenvalue of (5.13). To see this we
only have to prove that the corresponding eigenfunction is a thin plate
spline, which is clear from (5.14) since it implies that

A" =p— Zl// (5.15)

171

which is the characterization of a thin plate spline (cf. [8]).
Thus, u,, is characterized by the min—max formulation

= Max Min luls, . (5.16)

, 172
»suiigé?e‘f,f)p mLYRA) uet (l/n) ,i:I [u(tz)]

For i=n+ 1, the subspace

v={#eD LR 3 60) balt) =0 k=1nf.
=1
where ¥, .., ¥, are the first n eigenfunctions of (5.14), has codimension
i—1=n
Moreover, for ¢ € V' we have |¢|2, #0 (¢ 2, ;) and ¢(1))=0,j=1, .. n,
since {, ,}%i_, is a basis for the space of thin plate splines. (It is a set of n
orthogonal elements of the space of dimension n.) Thus, for ¢ € IV we have

415

= 5.17
Ty, @y (5.17)

and

ﬂn+1.n=+03- (518)

The same reasoning works for i n+ 1 and thus the eigenvalues of the
matrix problem are given by (5.16) only for i=1,..,n
Now we can use Theorem 3.3 and get for any ¢e D "L*R?) with

1=1[¢ )]27&0

o 912
U 2T~ Bo{l9lz ot HI815)

(5.19)

Thus

P = —pos  i=1,2, 0, (5.20)

B,
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where p,, < --- <p,, are the first n eigenvalues of the variational eigen-
value problem

(lpv ¢)m = p[(l/j’ ¢)O‘Q + h2m(¢, ¢)m] any ¢ € D 7 mLz(Rd)a

which are given by

H;

:m, = 1,2, ey 1, (521)

pi

Thus (5.20) implies

1 1
n 25— = U =1, .., n
Hin l+h2mﬂ,' B() Hi ! h

But as we shall see later uh*", i=1, .., n, is bounded from above, ie,
there exists o >0 such that

1

<, =1,2,..,n 5.22
SEOTRR)y T hhen (5.22)

which gives the first inequality in (5.8).
Using now Theorem 3.4 we get

912 912
W30~ Clm e, )T +F7IgT

which implies that

#'ZZI‘— £ =120, (5.23)

where the &,,’s are the first » eigenvalues of
1 & .
<w,¢>,,,=é[; ) w<z_,->¢(:,-)+h2'"(w,¢)m} any g€ D~ "LA(RY)
i=1

which are given by

Hin

—_— i=1,2,.,n 5.24
1 + hzmﬂm ! § ( )

éin =

Thus

iy < Copt (1 + A1,
< Copd1+h*"p,,,). (5.25)



20 FLORENCIO I. UTRERAS

(c) h*"u,, is bounded. To see this, let ¢,, be the corresponding eigen-
function. Then, given that ¢,, is a thin plate spline, we have

|Gl 7 = Min |ulz,. (5.26)
we D-MLYRY)
ul(t)) = ua(ts) i=1,..n

Let us now define w as the C*(RY) function with support B(0, 1):

ols) = {g,lw " (\)s|<>|S1\.<1 (5.27)
Thus, we D~"L*R“) and so does
w,.(z):w<’}l_"">. (5.28)
Moreover, given the definition of A_;,, we have
LC
Thus
u=3 dult)o, (5.29)

belongs to D~ "L*(RY) and u(t;,)=¢,.(¢,), j=1, ., n. Using (5.26) we get

|Grun |2, < |02,

But given the definition u and the w,’s we have

1fn i < lulf= 2 [0t 0015, (5.30)

j=1

To compute |w,;|2 we use (5.28) and conclude that

—2m+d
min

0,12, = a2+ o2, (531)

This together with (5.30) finally gives

|¢nn|3n<hr;iim {h;inin i [¢nn(t/)]2}|w|;2n

j=1
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And using (1.14) again

pi <y MEVOLR)

min ~= n Vd
and

2 ~2
h _2m g B m h m

min

BM4YVol(2) 1 ¢
(Gl h " =m0l ~ . [m(1)]"
d i=1
which implies that
ho<h B M4 Vol(Q)
nn >N Vd ’

proving that A*"y,, is bounded. This together with (5.25), except for the
problem with (5.22), concludes the proof of the theorem. |

Now we study the behavior of the eigenvalues yu, <pu, < ---.

LEMMA 5.2. Let Q be an open bounded domain with Lipschitz boundary
and satisfying a uniform cone condition. Let u, < u, < --- be the eigenvalues
of the variational problem (5.9) and let p, < p,< --- be the eigenvalues of

W lna=n| V6 forany peH"(Q) (5.32)

Then there exists a constant K(£2) such that

pi< ;< K(Q)p,, i=12, .. (5.33)

Proof. Let ¢, be the eigenfunction of (5.9) corresponding to the eigen-
value y, normalized by |¢,|5 , =1, and let i, be the eigenfunction of (5.26)
corresponding to the eigenvalue p; normalized by |,;]5,=1.

As has been proved in [10] under the given hypothesis on £2 there exists
a unique ¢ extending ¢; to D ~"L*R“) which minimizes |-|2. On the
other hand ¢,|,, the restriction of ¢, to £, belongs to H™(£2), hence it can
be extended uniquely to D ~"'L*(R¢) with minimum |-|2, seminorm. Let ¢2
be that extension. We first prove that ¢ =¢,. We have

tui:MSi'En: Min |u|,2,,,
(. $)o.0=0
1<€jgi-1

2
lulgo=1
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but ($2, ¢,)o.0 =0 since ¢2 =¢, on 2 and 212 < |4/ then

pi= Min |ul? <[4P15, <47,
(u.¢jdoa=0
1<j<i—1

2
|“b9:1

and we conclude that

The extension being unique we conclude that ¢, = ¢¥. Thus u;, ¢, can also
be defined by

w= Min |u?2. (5.34)
(. $)o2=0
1<jsi—1
2
|"|0,9=1
ue H™($2)

But according to Duchon [10] there exists a constant K(£2) depending
only on Q such that for any ue H™(£2) we have

|u®|7, < K(Q)lul}, o,

wi= Min |u?|; <K(Q) Min |ul} o

(4, ¢;)00=0 (u,$jlo2=0
1<j<i—1 J=l,i—1
ue H™(S2) ue H"($2)
luldg=1 luldp=1
< K(2) Max Min |u|2, = K(RQ) p;.
V subspace of H™(2} uelV
Codim(V)=i—1 |uljg=1

On the other hand for any ue H™(2)

lu‘,zn,g S |u9|,2n7

thus

. 2 . Qz
p;i= Min |ul,< Min [u”|;
(w,)o0=0 (uYjo=0
1€jgi—1 I<jgi—1
ue H™(§2) ue H™(£2)
luld o= 1 luljo=1

but for any ve D~"L*(R?) we have |v?|2, <|v|?, and {re H"(Q)\r=0|,
some ve D "L*R“)} = H™(Q), hence



CONVERGENCE RATES FOR SPLINE FUNCTIONS 23

: (2 : Q)2

Min ‘Ll |m: Min ’u |m
(Yl =0 (uhjlor=0
l<j<i-1 1<j<i—1

we H™Q) we DMLARD)

111\(2“2:1 |ul(2)_9:1

< Max Min |u®|2 =y,
I” subspace of D=MmL2([Rd) ue vV
codim(¥) =i 1 [ o = 1

This concludes the proof. ||

We are now ready to give the main result of this section.

THEOREM S5.3. Let Q be an open, bounded subset of R? with Lipschit:
boundary and satisfying a uniform cone condition and let u,, <, - <H,,
be the eigenvalues of nI". Then there exist constants o, f§, >0 such that for
M+ 1<i<n we have

l'Zm,'dal < Wi < Blizm/d' (535)

Proof. According to Theorem 5.1 and Lemma 5.2 it suffices to prove
that the eigenvalues p, <p, < --- satisfy a relationship of the type (5.35).
To see this we observe that p, < p, < --- are the eigenvalues of the differen-
tial operator (—1)" 4™ which is unbounded in L?*(£2) but symmetric in
C7(Q) with appropriate boundary conditions. We can then apply
Theorem 14.6 in [2] to conclude that the number of eigenvalues of this
operator less than or equal to C 24> is i(1+o(1)). C, is a constant
independent of i where o(1) goes to zero as i increases. Thus there exist
integers N, N, such that the number of p/’s less than or equal to
C 7 2mdi2md i between N,i and N,i for any i. Thus

PL< Py S P SC 2 (5.36)

and
Paiv 1y = €A, (5.37)
Thus
(N,C, )2 — 1) L p, <(N,C, )20y, i=M+1, ...

This concludes the proof. |

This result had been conjectured by Wahba [18] in the general case and
has been proved by the author in one dimension in the case of equally
spaced data and general m in [17] and in the case of arbitrary spaced data
for cubic splines in [16]. Related work in several dimensions has been
done by Cox [6].
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Remark. From this result and (5.34) it is clear that
1 < K(Q)NC )~ 2rmdzmie,

But we also have #*" = O(n *"“) and conclude that

1\ 2m/d
P, < K(QYN,CL) 24 <;>

is bounded.

6. ERROR Bounbps FOrR Noisy DaTa

With the results of the preceding section we can conclude the proof of
the main result of this paper.

Proof of Theorem 1.1. From (5.4) we have

1 u l 2 2"
E[; S (S,.()) 1) ]:;v Tr(42(3))

i=1

1, &
PR +zu,,,12
ol £, e
Sl T A amidg
n e (LA

« 1
42 ;- di2m i d
Snv {M—i—/y fM _———(1+Cx2’""1)2 x:I

2

v azm 1
< nid/Zm [M/ JM ( + C‘_Zm/d) dx:‘

For some constant C, thus if we set

1

df2m y
Q M/L‘O +J (1 + Cx2m/d)

dx (6.1)

we have

e[ 3 s.enr|< VO forisiy, (62)

=1
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On the other hand from (5.5)

ELIS, )31 <2 0 TrA()

] m

1 " 1
<=0t | M e
ni [ ty 1+,1c/2""d]

j=M+1

1 x 1
< ) M Ai —di2m _ d, .
ni ! [ * jM 14 Cx2 ’C:I

Thus if we set

|
e e T,
Q2 + " 1+C’( 2mid X

we have

U2
E[|Sn /( )lm] \ Q d2m’

where the integrals in (6.2) and (6.4) converge since m > d/2.
We can now use Theorem (3.4) and get

25

E[!Sn_,-_<s>|é,g]<co{ [ S 1S, ,(£)(1) 1 + AP ETIS, (e |}}

i=1
Q h2m :|

1
,2
< COL |:n/‘{t1/2m t = nlAdﬂm

. Cov? 0,
- n;yd,’?m |:Q1 + h- 2m)L .

But Ni9*" > 1: then if we set

VOI(Q ):I 2md

— 2m
0.=0,+ 0B M, | X

we have

C 2
ELIS, )0 < 2t
o

(6.6)

Finally we use the interpolation theorem for indermediate derivatives

(cf.,, for example, Theorem 4.14 in [1]) to get
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E[IS, ()i o< P(A7*" ELIS, ;(e)lg.o] + A" "™ E[1S, 5(2)1}, 0])

2 2
< P </‘t - k/m Q3C0L + /‘L(mfk),"m sz )

n;td/Zm n/l/ld’/z’"

< P(Q;Co+ Q,) v’

n/” (2k +d)/2m

2
Qov (6.7)

= ’,M"(Zk +d)/2m

for Qo= P(Q:Co+ Q>).
Finally we combine (2.11), (4.5) and (6.7) to obtain the desired

result. ||

A similar result was obtained by Cox [6] for the case of splines defined
on a finite domain Q. Also for d =1 this result was first proved by Ragozin
[13] in the case of equally spaced data points. Finally, let us remark that
the results of this theorem were already conjectured by Wahba [18].

To conclude this section we state the following straightforward coroliary
of Theorem !.1.

COROLLARY 6.1. Let Q be an open bounded domain of RY with Lipschitz
boundary and satisfying a uniform cone condition. Let fe H™(Q), m>d/2,

and {t,, .., 1,} contain at least a P, -unisolvent set and
h
max< B.
hmin

Then the optimum upper bound on the rate of convergence is attained for
/1* — 0(n72m,/(2m+d))

and is given by
E[lf=0,.xli o] =O0(n 20 FVCm=d) (6.8)

REFERENCES

I. R. A. ApaMms, “Sobolev Spaces,” Academic Press, London/New York, 1975.

2. S. AgMon, “Lectures on Elliptic Boundary Value Problems,” Van Nostrand, Princeton,
NJ, 1965.

3. M. ATTEIA, Existence et determination des fonctions spline a plusieurs variables, C. R.
Acad. Sci. Paris. 262 (1966), 575-578.

4. P. G. CiarLeT, “The Finite Element Method for Elliptic Problems,” North-Holland,
Amsterdam, 1978.



14.
t5.

20.

CONVERGENCE RATES FOR SPLINE FUNCTIONS 27

. R. CouraNT AND D. HILBERT, “Methods of Mathematical Physics,” Interscience, New
York, 1953.

. D. D. Cox, Multivariate smoothing spline functions, SIAM J. Numer. Anal. 21,
No. 4 (August 1984).

. P. CRAVEN AND G. WaHBA, Smoothing noisy data with spline functions: Estimating the
correct degree of smoothing by the method of generalized cross-validation, Numer.
Math. 31 (1979), 377-403.

. J. DucHoN, Interpolation des fonctions de deux variables suivant le principe de la flexion
des plaques minces, RAIRO Anal. Numér. 10, No. 12 (December 1976).

. J. DucHoN, Splines minimizing rotation invariant semi-norms in Sobolev spaces, in
“Constructive Theory of Functions of Several Variables, Proceedings of a Conference in
Oberwolfach™ (W. Schemp and K. Zeller, Eds.), Springer-Verlag, Berlin, 1977.

. J. DucHoON, Sur lerreur d'interpolation des fonctions de plusieurs variables par les
D™-splines, RAIRO Anal. Numeér. 12, No. 4 (1978).

. L. PaiHUA, “Quelques méthodes numériques pour le calcul de fonctions spline a4 une et
plusiers variables,” Docteur de Specialité, Thesis, Grenoble, 1978.

. L. PailHua anp F. UTRERAS, “Un ensemble de programmes pour linterpolation des
fonctions, par des fonctions spline du type plaque mince,” Universite Scientifique et
Médicale de Grenoble, Rapport de Recherche No. 140, October 1978.

. D. RagoziN, Error bounds for derivative estimates based on spline smoothing of exact or

noisy data, J. Approx. Theory 37 (1983), 335-355.

L. ScHwaRrTZ, “Theorie des distributions,” Hermann, Paris, 1966.

F. UTreras, Cross-validation techniques for smoothing spline functions in one or two

dimensions, in “Smoothing Techniques for Curve Estimation” (M. Rosemblatt and

Th. Gasser, Eds.), Lecture Notes in Mathematics, Vol. 757, Springer—Verlag, Berlin/

New York/Heidelberg, 1979.

. F. 1. UTrERAS, On the eigenvalue problem associated with cubic splines: the arbitrary
spaced knots case, SIGMA 6, No. 3 (1980).

. F. 1. Utreras, Natural spline functions: Their associated eigenvalue problem, Numer.
Math. 42 (1983), 107-117.

. G. WaHnsa, Convergence rates of “thing plate” smoothing splines when the data are noisy,
in “Smoothing Techniques for Curve Estimation” (M. Rosemblatt and Th. Gasser, Eds.),
Lecture Notes in Mathematics, Vol. 757, Springer—Verlag, Berlin/New York/Heidelberg,
1979.

. G. WaHBA AND J. WENDELBERGER, “Some New Mathematical Methods for Variational

Objective Analysis Using Splines and Cross-Validation,” University of Wisconsin,
Madison, Department of Statistics, Technical Report No. 578, September 1979.

H. F. WEINBERGER, “Variational Methods for Eigenvalue Approximation,” Regional Con-
ference Series in Applied Mathematics, No. 15, SIAM, Philadelphia, 1974.



